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Introduction

The main result in this thesis is a new generalization of Selberg’s inequality in
Hilbert spaces with a proof, see page 25.

In Chapter 1 we define Hilbert spaces and give a proof of the Cauchy-Schwarz
inequality and the Bessel inequality. As an example of application of the Cauchy-
Schwarz inequality and the Bessel inequality, we give an estimate for the
dimension of an eigenspace of an integral operator.

Next we give a proof of Selberg’s inequality including the equality conditions
following [Furuta).

In Chapter 2 we give selected facts on positive semidefinite matrices with proofs

or references.

Then we use this theory for positive semidefinite matrices to study inequalities.
First we give a proof of a generalized Bessel inequality following [Akhiezer,Glazman],
then we use the same technique to give a new proof of Selberg’s inequality.

We conclude with a new generalization of Selberg’s inequality with a proof.

In the last section of Chapter 2 we show how the matrix approach developed in
Chapter 2.1 and Chapter 2.2 can be used to obtain optimal frame bounds.

We introduce a new notation for frame bounds, see page vii.






Notation

diag(Ay, ..., Ayn)
/\max(A)
/\min>0(A)

frame bounds ( \text{\LARGE{$a$}} \text{\Large{$b$}} ).
the set {1,2,3,...} of all positive integers.

the set {0,1,2,3,...} of all nonnegative integers.

the set of all real numbers.

the set of all complex numbers z =a+ib (a€R, beR, i* = -1).
Hilbert space.

complex conjugate transpose matrix of A, A* = ZT.

A is positive semidefinite.

A is positive definite.

is the square root of a positive semidefinite matrix A.

identity matrix.

unitary matrix, UU* = U*U = I.

u and v are orthogonal vectors.

eigenvalue.

diagonal matrix.

largest eigenvalue of matrix A.
smallest positive eigenvalue of matrix A.

Vil






Chapter 1

Classical inequalities

1.1 Hilbert Spaces

We will study inequalities in Hilbert spaces and in this section we give the
definitions and examples of Hilbert spaces.

1.1.1 Hilbert spaces

Definition 1. A vector space H withamap(.,.): HxH - C
(for real vector spaces (.,.): HxH — R) is called an
inner product space if the following properties are satisfied:
(1) (x,x) =0 x=0,
12) (x,x) >0 VxeH,
13) (x+y,2z) = (x,2) +(y,z) VxeHVyeHVzeH,

)

)

(
(
(14) {ax,x) = alx,x) VxeHVYaeC (for real vector spaces a €RR),

(15) (x,y) = (y,x) VxeHVyeH (the bar denotes complex conjugation).

If in addition H is complete, that is

(16) ( Iim {x; — X, X0 — X)) =0 xneﬂ‘v’ne]PVmelP)::»

n,m—c0

(EIxe?-( im {(x — x,, x — x,,) = 0),

n—00

then H is called a Hilbert space.
From now on H will denote a Hilbert space.

The norm in H is defined by
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(I7) lIxll = Vx,x) VxeH.

(18) Every Hilbert space has an orthonormal basis, see [Folland,p176].

It means that there exists a system {e,} .4 of elements in H that is linearly
independent, that is (es, e5) = 0if & # p and [leall = V{eq, €a) = 1 for each a and
for each xeH we have x = ), _; (x,eq)eq (the series converges in H).

If we have a separable Hilbert space we can replace {e,},.x by {ej};>1 and the
sentence above can be reformulated in the following way:

It means that there exists a system {e;};~1 of elements in H that is linearly
independent, that is (¢j,e,) = 0if j # k and |lejll = +/ej,¢;) = 1 for each j and for
each xeH we have x = ). ;51 (x, ¢j)e; (the series converges in H).

From now on a Hilbert space will be synonymous with a separable Hilbert space
unless otherwise specified.

When the basis of H is finite we say that H is finite dimensional otherwise
we say that H has infinite dimension.

1.1.2 Examples of Hilbert spaces

(a) R3 (real vector space) is a three-dimensional Hilbert space.

(x,y) = x1y1 + X2y2 + X3y3 X, y are vectors in R3.

X1
x,y) = xTy x, y are vectors in R3. xT =[x x2 x3], x = |x2|.
X3
1] |0 |0
0/, |1{, |0| is an orthonormal basis for R3.
of 10f |11

(b) R" (real vector space) is an n-dimensional Hilbert space.

n
x,y) = Z xjyj x,y are vectorsin R".
j=1
X1

. X2
(x,y) =xTy x,yarevectorsinR", xT =[x; x ... x,], x =

Xn

An orthonormal basis for R” consists of n vectors each of dimension n.
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11 |0 0

1 0
1, 1.1,...,1.|is an orthonormal basis for IR".

0| |0 1
(©) (x, )4 = (Ax)Ty = xTATy = xTAy «x, y are vectors in R", AcR™",
A is positive definite (xT Ax > 0 x # 0, for more details see Chapter 2.1.1).
(13), (14) are clearly satisfied.
We see that if A is positive definite, then (I1) and (I12) are satisfied.
A is positive definite implies that A is symmetric (AT = A).
We use the property that A is symmetric to show that (15) is satisfied.
(x, 4 = (A0Ty = 2TATy = (TATY)T = yTAx = (ATy)"x
=(y,x)4r =y, x)4 x, y are vectors in R"”, AeR™".
It follows that (15) is satisfied and that (x, y)4 is an inner product.
Since A is symmetric the eigenvectors from different eigenspaces
are orthogonal. We can find an orthonormal basis for A by first finding a
basis for each eigenspace of A, then apply the Gram-Schmidt process to
each of these bases.

(d) C" (complex vector space) is an n-dimensional Hilbert space.

n

Yy = Z xjyj x,y are vectors in C".

=1
X1
_ _ X2
(x,y) =xTy x,yarevectorsinC", x" =[x; x ... x4], x =
Xn

An orthonormal basis for C" consists of n vectors each of dimension n.

1 .
B+ 1 0 ‘ 0
0 @(1 + 1) 0 ) )
_ : ) - ) is an orthonormal basis for C".
: : . . ‘
0 0 B+

() 2 ={x=1{&1,&,...} : L& <00 &eCVjelP).
£? is an infinite-dimensional Hilbert space.

<x1y> = Zé]n_] X = {51/52/”'}1 y= {Th/nZ/}é]ECO]ECVJEIP
j=1
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An orthonormal basis for ¢Z consists of infinitely many vectors
each of infinite dimension.

11 [0
0] |1 _ _
A lop ---isan orthonormal basis for ¢2.

(f) L2(X, M, ) = {f : X = C : fis measurable and (f|f|2al;u)1/2 < oo}

where (X, M, ) is a measure space and f is a measurable function on X.
L%(X, M, ) is an infinite-dimensional Hilbert space.

@y =[xy dul) Vx(t)eL?(u) Vy(t) €L ().

(g) An orthonormal basis for L2[0,2n] is

11 1 g 1 1 g
ot ﬁcost, ﬁsmt, ﬁCOSZt,ﬁSIH2t,....

1.1.3 Riesz’s representation theorem

We will use the Riesz representation theorem in Chapter 1.3.3 example (b).

Let H* be the set of all bounded linear functionals on a Hilbert space H.
For all Fe H* we define [|F|lg- = sup  [F(x)|.

xeH, ||x||=1
Theorem 1 (Riesz’s representation theorem).
VY FeH" there exists a unique yeH such that F(x) =(x,y) VxeH (1.1)

Moreover, we have ||yl = [|Flly-.

A proof for Theorem 1 can be found in [Schechter,p30].
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1.2 Cauchy-Schwarz inequality

The Cauchy-Schwarz inequality is one of the most used inequalities in
mathematics. Probably the most used inequality in advanced mathematical
analysis. The inequality is often used without explicit referring to it. See Chapter
1.3.3 (c) for an example where the Cauchy-Schwarz inequality is used.

1.2.1 Cauchy-Schwarz inequality

Theorem 2 (Cauchy-Schwarz inequality).
In an inner product space X,

Il < lxll lyll YxeXVyeX (1.2)

The equality (1.2) holds if and only if x and y are linearly dependent.

Proof. y = 0 is trivial.
Let y # 0, then for any a €C we have
0 < llx —aylP? = (x — ay, x — ay) = IxI* - ay, x) — &x, y) + lal Iyl

x,v)

Choose a = e and we have
P [P K P %
0 < |xP - e B S I P = P - S
e~ IyE iyl Iyl

and [{x, y)| < |Ix[| [lyll follows.

It 1Kx, ) = lixIHIyll, then

we can choose a€C |a| = 1, such that a(x, y) = [{x, y)|, and we have

ity = allylix]” = <lidly - allyl, Ixlly — allyllx)
= [lxll X1y, ) — iyl llxlIi<x, y) — ellxll ylKy, x) + aallylHyliKx, x)
= [l Uy ATyAL = Ty el el A= Tl Ty el AL+ HyA Tyl ]
=0

According to (I1), we must have ||x|ly = allyllx, so x and y are linearly dependent.

If y=px, peC, then
K, Bx)? = (x, ) (x, ) = (x, By (B, ) = P, ) (x, x) = |xI* ||,

and we have [(x, fx)| = [|x||[|fx]]. m
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1.2.2 Examples of Cauchy-Schwarz inequality

(a) In R3 we have [(x, y)| < |lxllllyll x, v are vectors in R.
We have equality if x and y are linearly dependent. This can be seen from
Lagrange identity which gives us (x, y)*> = [lx|* |[y|I*> — |x X y/?,
x X y is the vector product, x, y are vectors in R>.

n n
2 2 i n
< JZx]. JZ]/]. x, y are vectors in R".

n

Y 1,

(b) In R™ we have

j=1 j=1 j=1
X1
T : T 2
|x y| <|lxllllyll x, y are vectors in R", x* =[x; x2 ... x,], x =
Xn

() [xTAy| < VxTAx \JyTAy x, y are vectors in R".
Alis positive definite, A eR"™ ",

n n
< lelle2 JZWZ x, y are vectors in C".

n

Z Xjyj

=1

Y.Em
=1

]_

(d) In C" we have

=1 =1

(e) In £2 we have

< Jilé;‘lz Jilﬂjlz
1 =1

x = {51/52/' . '}J y = {n1/n2/' . '} éjecnjECVjEIP'

(f) In L2(u) we have | [ x(t)y(t) du(®)| < \/ Jlx®)Pdu() \/ Sly®Pdp)
Vx(t) e LA () Yy(t) € L2 ().

(9) In L2(u), Assume that i < +oo and ¢ = 1 and feL?(u), then

the Cauchy-Schwarz inequality implies [ |fldu < y/ [[|fPPdu [u(.

If u is a probability measure, then u(X) = 1.
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1.3 Bessel’s inequality

Another widely used inequality for vectors in inner product spaces is the Bessel
inequality.

The Cauchy-Schwarz inequality follows from the Bessel inequality.

In this section we prove the inequality and use it to give an estimate for the
dimension of an eigenspace of an integral operator.

1.3.1 Bessel’s inequality

Theorem 3 (Bessel’s inequality).
Let {e;};>1 be an orthonormal system in a Hilbert space H. Then

Y K e < Ixl? VxeH (13)

j>1

Proof. Let a; = (x, ¢;), then for any neP we have

n n
= <x—2akek,x—2akek>

k=1 k=1

= Il - <Zn: e, X > < Zn:akek> +i|ak|2

k=1 k=1 k=1

n 2

x—Zakek

k=1

=P = ) axlx e - Z T, o) + Z e

=1

= |lxiP - Z el + Z (x, ex) = al?
k=1 k=1
n
= P = Y Kx, el
k=1
n

- ) ane

k=1

2
2
< [lxff*.

n
We have ) (x, 0l = [lx|P -
k=1

Let n — oo in the last inequality. We have a sequence of nonnegative numbers,
where the sum of the numbers is bounded from above. Hence (1.3) follows. m

The inner products (x,e;) in (1.3) are called the Fourier coefficients of x with
respect to the orthonormal system {e;};>1.

Remark 1. We will look at a more general system later.
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Theorem 4.
Let {e;};>1 be an orthonormal system in a Hilbert space .
Then {ej};>1 is an orthonormal basis if and only if for all x€ H we have

x| = Zl(x, ej)/* (Parseval’s identity) (1.4)
j>1
A proof for Theorem 4 can be found in [Weidmann,p39].
If we have an orthonormal system with only one element (61 = i), then the

llyll
Bessel inequality becomes the Cauchy-Schwarz inequality.

1.3.2 Examples of Bessel’s inequality

X1
(a) In R® we have ||x||> = 2]3.:1|<x, e = Z?zl x}z. where x = |x, | is a vector in R3
X3
1 0 0
ande; = |0|, ex = |1, e3 = |0] is an orthonormal basis for R3.
0 0 1
X1
X2
(b) In R" we have ||x||> = Yl epl* = i x]2. where x = | | is a vector
Xn
1 0 0
_ 0 1 0f. .
inR"ande;=|.|,ea=1.1|,..., e, =|.|is an orthonormal basis for IR".
0 0 1
X1
X2
(c) In C" we have ||x|* = Z]’?:ll(x, epf* = Z’]’-‘:llle2 wherex=| "lisa
Xn
L(1+1) 0 0
" 1+ o |
vector in C" and e; = . o=V R ) is
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an orthonormal basis for C".

(d) In €% we have ||x||> = Zj‘;lléjlz VYxef? where
X = {51,52,...} 5]€C V]E]P

2
(e) In L2[0,27] we have ||x||> = %0 +Y oA+ Y b2 Vxel?[0,2n]

n

2
where ag = {(x,¢e9) = " xdt, ap€R and

1
= b
2
a, ={x,e,) = #fonxcosntdt, a,€R ¥YnelP and
om
=(x,e,) = % fo " xsinntdt, b,eR YnelP.
e = \/%, e1 = %cost, e = #sint, e3 = #cosZt, ey = %sinzt, ...isan

orthonormal basis for L?[0, 27‘(]

a0 o dn . . . .
=t Y1 5 cosnt + Yoed \/_ sinnt is the Fourier series of x.

(f) If ex is not included in example (a),(b),(c),(e) above, then we do not have
an orthonormal basis and we have inequality instead of equality
(Ilx|[> > instead of ||x||2 =).

1.3.3 Application of Bessel’s inequality

(@) LetS=Y,2, S22 (0 <qg<i.Sconverges.

We will show that S can not be a Fourier series of a Riemann integrable
function f(x).

From the Bessel inequality we have ;2 ; % < 2 fo f2(x) dx where L

are the Fourier coefficients. This is impossible since Y. =00

n= 1n2a

when(0<a < % Hence S can not be a Fourier series, see
[Gelbaum,Olmsted,p70].

(b) Let H be a closed subspace of L?[0, 1] that is contained in C[0, 1],
where C[0, 1] is defined as the space of continuous functions on [0, 1].
We will show that H is finite dimensional, see [Folland,p178 (ex.66)].

H is a Hilbert space since H is a closed subspace of L?[0,1].

Both 7 with L2-norm and C[0, 1] with lfllfo,17 = sup{|f(x)| : xe[O,l]} are
Banach spaces, see [Griffel,p108].

Consider the inclusion H — C[0, 1] as a linear map of Banach spaces.
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This map f — f is closed.

We have to check that {(f,f)eﬂ x C[0,1] : feﬂ} is a closed subset of

H x C[0,1].

Suppose that (f, f,) is a Cauchy sequence in H xC[0, 1], then f,, is a Cauchy
sequence in C[0, 1] and there exists an f such that f, = f (uniformly on
[0,1]). Then f, — fin H, thatis ||f, — fll. = 0 when n — co since ||f, — fII3 =

1= SRt < 1fu - FIR,

fn is @ Cauchy sequence in H implies that f, is a Cauchy sequence in
C[0,1] since H c C[0,1].

By the closed graph theorem the inclusion is bounded, thus there exists a C
such that || lljo,1y < ClIfll2 for any f€H where ||flljo1) = sup {|f(x)| : x€[0,1]}

and Il = ( ' I/ dy)l/z-

Let x€[0, 1] and consider a linear functional F, : H — H where F.(f) = f(x).
It is bounded since |Fx(f)| = |f(x)| < lIfll,1; < ClIfll> for all feH .
Hence it is a continuous linear functional on .

By Riesz representation theorem there exists a unique g€ H such that
1
f@) =(f, 80 = [, f()gx()dt for all feH.

Further
lfl = Kf, gl <Clifll VfeH
U
(g2, g < Cligxll2
U
l1gxll5 < Cligxll2
i}
llgxll2 < C.

Let {f]‘};.“:1 be an orthonormal system of functions in H.

Then by using Riesz representation theorem and Bessel's inequality and
llgxIl2 < C from previous result we have

i Ifi@)P = LKy 80P = Ll gx /I <ligsll; < C* x€[0,1]. (+)
U
n 1
n= J(;l Z:j=1 |ch(x)|2dx < j(; C%dx = C2. (%)
U
n < C2
Thus dim H < C? and H is finite dimensional.
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Remark 2. C[0, 1] contains a subspace of polynomials where 1,x,x2, . ..
are linearly independent. It is infinite dimensional and is contained in
L2[0, 1], but not in H which is a closed subspace of L2[0, 1], that is
contained in C[0, 1]. The closure (L?[0, 1]) of this subspace is not
contained in C[0, 1].

(c) Let K(x, y) be a continuous function on [a, b] X [a, b].
A continuous function f on [a, b] is called an eigenfunction for K

with respect to a real eigenvalue r if £(y) = r [ K(x, y)f(x) dx.
We will without loss of generality use [0, 1] instead of [a, b].

Let E, = { FECO]: f(y) = r [ K, ) f() dx}.

We will give an estimate for the dimension of E,, see [Lang,p108 (ex.7)].

Let H, = { FEl20,1]: f(y) = r [ K(x, ) f() dx}.

Let heH,. We want to show that & is continuous.

() = hyo)l < Il f; IK(x, y) = K, yo)l Ih()] dax
I

1 1
<1l (1K) - Ko yoP dx)” (IR dx) —0when y = yo

since K(x, y) is uniformly continuous and € L?[0,1].

So we have that ‘H, C E, c C[0,1] since all functions in H, are continuous
as we shown above.

Clearly E, € H, c L?[0,1]. Hence E, = H,.

If we can show that H, is a closed subspace of L2[0,1], then we can use
results from example (b) above to give an estimate for the dimension of E,.

Let f, — fin L?[0,1] and f, € H, and g€ H,. Then we have

Ifa(y) = gl < |r|f01|K(x, DI falx) = g(0) dx
U

1
< ( [k, P dx)z ( [ - g0P dx) 0 when f, - g.

g is continuous and f, = g on [0,1].

Then f = ¢ almost everywhere and f € H,.

Hence H, is a closed subspace of L2[0, 1].

Assume that dim E, > n where ne P, then there exists an orthonormal
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system {f; ;?:1 in H. From () and (++) in example (b) above we have that

1w 1
n= [y T fi(x)Pdx < [ 1IrK(, y)I3 dx.
U
n<r? fol fol K2(x, y) dydx.
Thus dim E, < 2 [ [ K3(x, y) dydx.
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1.4 Selberg’s inequality

13

Selberg’s inequality is not so well known as the Cauchy-Schwarz and the Bessel
inequality. It is an interesting inequality and it is also a generalization of the

Cauchy-Schwarz and the Bessel inequality.

1.4.1 Selberg’s inequality

Theorem 5 (Selberg’s inequality).
In a Hilbert space H,

K, yj)P

—————— <l VxeH y;#0y;eH
= Y=1Kyj, vl ] J

The equality (1.5) holds if and only if

(C)x =Y ajy;, a;€C, and for each pair (j k), j # k,
j=1

(C1) yj,yi» =0
or

(C2) laj| = |ax| and {a;y;, axyx) = 0.

See [Furuta,p218].

Proof. For any a;eC we have

= <x - Z ajy]-,x - Z Oljy]'>.

j=1 j=1

0‘]%/> < "‘JJ/J> < “J‘yjfzaﬂ/j>-

=1 j=1
n

= | - Z aj () = ) @ )+ Z Z 3% (Y, i)

j=1 j=1 j=1 k=1

n 2

X—Za]'y]'

=1

0<

2
= lxll” -

(1.5)

1 1
From 0 < (laj| — |ayl)* we have |a;ay| < —|oz]-|2 + —|ak|2, and we have

n

<P =) oGy - Z‘W y]>+222|0q| |<y],yk>|+222|ak| Ky, yil.

j=1 =1 k=1

j=1 k=1
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Xy

——————, and we have
Y1 Ky yiol

We can choose a; =

P - Z Y ;) Z Gy y) 1y g oy Ry ol
Y Ky vl Yrealviyol 2 prler (Zk 1I<y],yk>l)

1y v [ moP Ky ol
ay
a=v=l SO

P - Z = [{x y]>| Z = [{x, y]>| %Z x, ]/j>|2 Y1 Ky;, yk>|2 N
=1

AT SR (T Ky i)
” Yy, vl
23 yoP
k=1 (Z';:ll(yj,]/kﬂ)
n M2 V|2 n 2
P2 ICx, yj)l +1 oyl 1 1<, Yl

P Yo Ky vl 2 Yialyjmol - 264 Yy yol

Lo Kyl 1 Koyl 5o (gl
"2 Z Y

= |lxl* - 2 n—+—
= Y1l yiol 2 Zk Kyj, vl el vl

L Kyl

SRRV |lx]|? follows.
j=1 Z:k=1|<yj/ ]/k>|

and

We will show that
(C)

U

K, yj)P

e = Il
j=1 Z‘k:1|<y]'/ yk>|

U

x = Zajyj A 2050 Y, i) = 1P Kyj, yiol + lad? Kyj, yidl - (%)
p=

U
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(C).
If (C), then for each pair (j, k), j # k, where (C1) is true, we have

ey aiy) = il Ky, vl ()
And for each pair (j, k), j # k, where (C2) is true, we have (++).

Z | Zk 1 %Yk y] ' ~ Z”: T o (i, yj>|2 _ Zn: 1T o (e, ]/j>|2 Jov; 2
Liakvivl S LiaKyiwdl S LKy yollag?

n (Z,’ﬁzlak<yk,yj>)ZZ:1a_k<yj,yk>aja_j_ L (ZZzl <akyk,ajyj>)ZZ:1rxja_k<yj,yk>
— iy yiol lejf? P YKy ydllal?

—

We use (++), and we have

u (Zle <04kyk/ajyj>)ZZ:1 ;oY Yr) vV
Yy ajy;)

ajo (Y, yk), and

j=1 j=1 k=1
Il = <Z ajyj,zakyk> Zza]ak<]/]/]/k>
j=1 k=1 =1 k=1
L Kyl
Hence (C) implies Y ——————— = ||x|I.
(©)imp Z S T Ky 90
5o (gl x,yj)

If = ||x|[%, then choose a; =

= Lialyj vl Y Ky vl

From the proof of the inequality (1.5) we have that equality (1.5) holds when
we have

x—Z ajy;

For each pair (j, k), j # k we have E|aj|2 Kyj, yio)l + E|a¢,(|2 Kyj, yi)l = 0 and

0= "and Z Z @ Yo i) = 5 2 Z P Kyjo yidl + 5 Z Z ol Ky, il

j=1 k=1 j=1 k=1 j=1 k=1

_ 1 1
|ajacdy;, )| < §|aj|2|<yj/yk>| + Elak|2|<yj,yk>|-

5o [(xypl

Hence -
j=1 Zk:lejl yk>|

= ||x|*> implies ().

If (+), then for each pair (j, k), j # k, assume that (C1) is not true.
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Then (a;y;, axyx) 2 0, and

20 (Y, Yie)
—r— e = oyl + g
Ky, yil

U

2aja Yj, Yk
o 1) — |=|ozj|2+|ock|2
Ky, yie)|

U
2lajl ol = lavjf* + |ovel?
g
lajl = |al.
Hence (+) implies (C). m

When we use (C) we need only to calculate maximum @ pairs since we

have symmetry.

If we have only one element (n=1), y=y,, then the Selberg inequality
becomes the Cauchy-Schwarz inequality.

If we have an orthogonal system {yj}7:1 with several elements (1 > 2), (yj, yx) =0
if j #k, let (e]- = ”‘%) , then the Selberg inequality becomes the Bessel

j=1
inequality.

1.4.2 Examples of Selberg’s inequality

1 1 0 0
(@) InR3, x=12|, y1 = 0|, y2 = |1], y3 = |0
1 0 0 1
1 0 0
We have x = [0 +2|1|+ |0 and for each pair (j, k) in (1.5) we
0 0 1

have (C1) since y1 Ly, y1Lys, y2Lys. By Selberg’s inequality we have

equality in (1.5) since (C) is satisfied. And it follows that we have Parseval’s
identity.
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1 1 1 1
(b) INR3, x = |2{, y1 = |2|, y2 = |1], y3 = |1].
1 2 0 1
1 1 1
We have x = |2| +|1| - [1| and for each pair (j, k) in (1.5) we have (C2).
2 10 1

By Selberg’s inequality we have equality in (1.5) since (C) is satisfied.

2 0 1
() InR3, x = 2|, y1 = 0], y2 = |1], y3 = |0].
1 0 0 1
1 0 1
We have x = |0| +2|1| + |0}, and for the following pairs (1, 2), (2,3)
0 0 1

in (1.5) we have (C1) since y1 Ly, y2Lys.
And for the following pair (1,3) in (1.5), we have (C2).
By Selberg’s inequality we have equality in (1.5) since (C) is satisfied.

@) InL2[-1,1,x=1+t+#, y1 =1, y2 =t, y3 = 2.
We have x = 1+t + > and for each pair (j, k) in (1.5) we have (C2).
By Selberg’s inequality we have equality in (1.5) since (C) is satisfied.

(e) INIR3, if x = ayr +bys +cys, a€R, bER, c€RR, then the Selberg inequality can
be written as

Kayry0)+bya,y)+eysy)’ | CayLy2)Hbyay)+Heysya))? | (ayiys)+{bya,ys)+cys,ys))
Ky1,yD+Ky1,y2+Ky1,y3)1 Ky2,y)1+Ky2,y2)1+Ky2,y3)| Kys,y0+Ky3,y2)+Ky3,y3)

< a%(y1, y1) + 2aby1, ya2) + 2ac{yr, ya) + b3z, y2) + 2bcCy, y3) + X (y3, y3).

1 1 2 1 1 2
Ify1 =12, y2a=|1|, y3=|2|andx =a|2|+b|1|+c|2],
2 1 3 2 1 3

then we have the following Selberg’s inequality,

(9”+5§g12‘:)2 + (5”+3f;+7c)2 + (12“73?1%)2 < 942 + 10ab + 24ac + 3b% + 14bc + 172,

If 2 = b = ¢, then we have equality (77a2 = 77a2).

) INL2[-1, 1), x=al + bt +ct>, y1 =1, y2 = t, y3 = 2, a€R, beR, ceR.
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We have y; Ly, y2Lys and we have the following Selberg’s inequality,

2.4 212,22
o — < 2a° + 3ac+ 5b° + £c°.

)
2a+2c)? 2,420)>
( g+83c) (3u;56) < 2a%+ %ac + %cz.
3 1

If a = c, then we have equality (%az = %az).



Chapter 2

Positive semidefinite matrices
and inequalities

In this chapter we give a new proof of Selberg’s inequality. It is based on the
theory of positive semidefinite matrices. This approach gives a new
generalization of Selberg’s inequality.

2.1 Positive semidefinite matrices

Positive semidefinite matrices are closely related to nonnegative real numbers.

2.1.1 Definition and basic properties of positive semidefinite
matrices

A n x n matrix A is normal, if A*A = AA".

A nxn matrix A is Hermitian, if A* = A. Hermitian matrices are normal matrices.
A n x n matrix A is positive semidefinite, if A is Hermitian and x*Ax >0 for all
nonzero xeC". We will then write A > 0.

A nxn matrix A is positive definite, if A is Hermitian and x*Ax >0 for all nonzero
xeC". We will then write A > 0.

If A— B > 0, then we will write A > B.

The following is a list of some properties for positive semidefinite matrices that
are needed in this chapter.
Let A, B, C, F, 1, S, U denote n x n matrices and x, y denote n X 1 vectors.

(i) If A is Hermitian, then A = U* diag(A4, ..., A,)U where U is a unitary

19
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matrix and A; are nonnegative real numbers on diagonal matrix.
Proof. See [Zhang,p65]. =

(i) If A is Hermitian, then S*AS is Hermitian.
Proof. (5*AS)* = S*A*S = 5*AS. m

(iii) A > 0 implies S*AS > 0.
Proof. x*Ax>0 implies y*S*"ASy>0. m

(iv) A > 0 implies det(A) = 0.
Proof. Let Ax = Ax where A is an eigenvalue and x is an eigenvector of A
corresponding to A. Then for each A, we have x*Ax = x*Ax >0 =

A=TAX > 0= det(A) = Midp... 1y 2 0. m

(v) A>0anddet(A) >0= A"1>0.
Proof. For any yeC" there exists an xeC" such that

Ax=y=x=A"lyand 0 < x*Ax = (A—ly)* AA Ty =y (A‘l)* y=yAly.
[]

(vi) If A > B, then S*AS > S*BS.
Prooff A-B>0=S5*(A-B)S>0= S*AS>S5BS. m

(vii) If A > 0, then there exists a matrix B > 0 such that B> = A.

B is denoted by Az,
Proof. See [Zhang,p162]. m

(viii) If A > B and A~! exists and B! exists, then B~1 > A1,
Proof. f C < I, thenI=C-3CC% < C-1IC"% = C,
A>B=1>ABA 1 = Ai1B A1 > =B 1>Al. m

2.1.2 Further properties of positive semidefinite matrices

We also need properties of products of two and three positive semidefinite
matrices. The product of two positive semidefinite matrices is not always
positive semidefinite.

(iX) (A>0and B > 0) = AB > 0.

21 21 5 5
= = = > > .
Proof. A [1 1],B [1 3],AB [3 4],thenA_O,B_O, ABZ0. m
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(x) If A>0then A2>0
Proof. A >0 = (yA)A(Aty) = (Ay) A(Aly)=x'Ax>0. m

(xi) A = 0and B > 0, then AB is Hermitian & AB = BA.
Proof. (AB) = B*A*=BA. m

NI=

(xii) If A > 0and B> 0and AB = BA, then A2Bz = B2A:z.

Proof. We have A > 0, B > 0. AB is Hermitian.

Let A = U*CU and B = U*FU where C and F are diagonal matrices

and U is a unitary matrix. U is the same for A and B since A and B commute,
see [Zhang,p61]. Then we have

ABI = U'CRUW'FAU = U'C:F2U = U'F2C3U = U'F2UU'CIU = B2A2. m

(xiii) If A > 0 and B > 0 and AB is Hermitian, then AB > 0.
Proof. y*"ABy = y*A%A%By = (A%x)*A%B%B%y = (A%y)*B(A%y) = x"Bx > 0.
]

(xiv) A >0, B >0, Bis invertible, C > 0 and ABC is Hermitian implies ABC > 0.
Proof. Let F = (B%AB%)(B%CB%). F is Hermitian since F = Bz (ABC)B%,

see (ii). We have (B2AB?) > 0 and (B2CBt) > 0, see (iii). From (xiii)

we have F > 0 and finally from (iii) we have ABC = B iFB"2>0. m

(xv) If A >0, then Apax(A)I > A.
Amax(A) is the largest eigenvalue of matrix A.
Proof. Let B = U*AU where B is a diagonal matrix and U is a
unitary matrix. Then we have Apnax(A)I —B > 0. Hence Apax(A) I > A. m

(xvi) If A > 0, then Aminso(A) A < A2,
Amin>0(A) is the smallest positive eigenvalue of matrix A.
Proof. Let B = U*AU where B is a diagonal matrix and U is a
unitary matrix. Then we have B? — Ain>0(A)B = B2 — Apmins0(B)B
= diag(1? = Amin>0(B) A1, - ., A% = Amins>0(B)Au) 2 0.
Hence Amins0(A)A < A2 m

(xvii) We define the Gram matrix for {y1, y2,..., y.} in a Hilbert space H
in the following way:
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WLy v,y - Yn Y1)

Wy Y2, yn) - Yn Yn)

We see that G is Hermitian.
w'Gu = (Pry1 +Pay2 + ...+ BuYn, Pry1+ Pay2 + ...+ Buyn) 20

B1
p2 .
for all nonzerou = | . |, ;€C, thatis G > 0.

Bn

If y1,v2,...,y, are linearly independent, then G > 0.

5 0

(xviii) If we have a diagonal matrix D = O . where each d;

dq

dn

n
is a nonnegative real number, then we have u'Du = Z Iﬁjlzdj >0
j=1

B1

B2
forallnonzerou = | . |, g;€C, thatis D > 0.

Bn

W,y Y2,y

Remark 3. If G =
[<y1,y2> (Y2, y2)

], then det(G) > 0 is same the

Cauchy-Schwarz inequality.
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2.2 Inequalites

In this section we will use theory for positive semidefinite matrices to study
inequalities. First we give a proof of a generalized Bessel’s inequality following
[Akhiezer,Glazman], then we use the same technique to give a new proof of
Selberg’s inequality. We conclude this section with a new generalization of
Selberg’s inequality with a proof.

2.2.1 Generalized Bessel’s inequality

We will need the following generalized Bessel’s inequality to prove Selberg’s
inequality in the next subsection.

Theorem 6 (Generalized Bessel’s inequality).
Let {y]-};‘:1 be a linearly independent system in a Hilbert space H and let

G be the corresponding Gram matrix. Then
v’ G lo<|xl? VxeH (2.2)

<xr y1>

<X, y2>
where v = R

(X, Yn)

See [Akhiezer,Glazman,p24].

n

Proof. Let x = ) ajy; +h where a;eC, heH, hiy;, for any je{1,2,...,n}.

=1
a1
n n n n o
From Z(x, Y = Z Z ai{yj, Vi) + Z(h, i), We have v = Gw where w = 2
k=1 k=1 j=1 k=1
n n Qp
x| = <Z ajyi+h Y ajyi+ h>
=1 =
- <Z ajYjr Z Ak yk> + <h/ Qg yk> + <Z a;jyj, h> + (h, )
j:] k:1 k:1 ]:]_

= aja Yk, yj) + IHIP
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=w' G'w + ||l

=w' Gw + ||l
For a linearly independent system {yj};?zl, the matrix G~! exists, and we
have v'G v = (Gw)'G~'Gw = w* G'w = w* Gw.

We have equality whenh =0. m

If y; Ly, j # kand ||ly;ll = 1, then G = I and the generalized Bessel
inequality can be written as X7 (x, Yl < [lxlf2.

2.2.2 Selberg’s inequality

Here we give a new proof of Selberg’s inequality based on the theory of
positive semidefinite matrices.

Theorem 7 (Selberg’s inequality).
In a Hilbert space H,

n

Kx, )2

T <|x|? YxeH y;#0yeH (2.3)
=1 Y= Ky vl ] J

n

Kx, )P

—————— < |x|* & v*D 1o < ||x||> where

Proof. We have

) 4 5 0
(x, y2) 2 - .
U= T D= O dj= ZI(y]-, yi)l- See Appendix A.
: k=1
<x/ yn) di’l

We will prove that v*D ~'v < ||x|.

Let x = iajy]- +hwhere ajeC, heH, hiy;, forany je{l,2,...,n}.
j=1

From the proof of the generalized Bessel’'s inequality we have

x> = w* Gw + |Ih* and v = Gw.

v'D 1o < ||x|]?
()

(Gw)'D'Gw < w* Gw + ||h|]?
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()
w G'D'Gw < w' Gw + ||
g
w' GD'Gw < w* Gw + ||h|]*.
Hence it is sufficient to show that G — GD™'G > 0.
First we will show that G < D.

WG = Bry1 +Pay2 + ..+ Buln, Pry1 + Pay2 + ... + Puyn) = Z Zﬁjﬁ_k<yj, Vi)

n o n non J=1 k=1
<Y Y BB Ky ol < Y Y (3182 + 3B ) Ky vl
=1 k=1 =1 k=1
p1
n n >
= IBiIKy;, yie)l for all nonzero u = ||, B;€C.
=1 k=1 :
Pn
wDu =Y |B;d; =Y 3" 18Py} yil. Hence G < D.
=1 =1 k=1

Further 0 < G-GD'G© 0<G(I-D'G) © 0= G(D /(D - G)).
We have G >0, D! >0, D lis invertible, D -G > 0,and G- GD G is
Hermitian, so (xiv) is satisfied. Hence G — GD™!G > 0. m

Remark 4. The proof for Selberg’s inequality is valid for all systems {y;}
including linearly dependent systems that has singular Gram
matrices.

2.2.3 Generalized Selberg’s inequality

Here we introduce a new inequality based on the results from the proof of
Selberg’s inequality in Chapter 2.2.2.

Theorem 8 (Generalized Selberg’s inequality).
In a Hilbert space H. If y1,...,y,€H, G is the Gram matrix for y1, ..., yn,
E > G, and E is invertible, then

v E o< |x?P YxeH (2.4)
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x,y1)

<xl y2>
where v = R

(X, Yn)

n
Proof. Let x = Zafyf +hwhere ajeC, heH, hiy;, forany je{l,2,...,n}.
j=1

From the proof of the generalized Bessel’'s inequality we have
Ix|> = w* Gw + ||h||?, and v = Gw.
v'E 1o < ||x|)?
)
(GwYE'Gw <w Gw + ||h|]?
)
w G'E'\Gw < w* Gw + ||h]]?
)
w' GE™'Gw < w* Gw + |||]%.
Hence it is sufficient to show that G - GE™'G > 0.
Further 0 < G-GE'G ® 0<G(I-E'G) ® 0< G(ETHE-G)).

We have G >0, E'1 >0, Elis invertible, E- G >0, and G — GE"!G is
Hermitian, so (xiv) is satisfied. Hence G — GE™'G > 0. m

Remark 5. The Inequality in Theorem 8 is called Generalized Selberg’s
inequality because by choosing

dq

n
E= O . where d; = Zl(y]-, yx)| we have
' k=1

dy
Selberg’s inequality.
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2.3 Frames

In this section we show how the matrix approach developed in Chapter 2.1 and
Chapter 2.2 can be used to obtain optimal frame bounds.
We introduce a new notation for frame bounds, see page vii.

2.3.1 Definition and Cauchy-Schwarz upper bound

We will follow [Christensen] in this subsection.

Definition 2.
A countable system of elements {y;};>1 in a Hilbert space H
is a frame for #{ if there exist constants 0 < @ < b < o, such that

AP < Y 1 ypP <DIP  VxeH. (25)

j>1
The constants 1, b are called frame bounds.

( is a lower frame bound, and b is an upper frame bound.

Frame bounds are not unique. The optimal lower frame bound is the supremum
over all lower frame bounds, and the optimal upper frame bound is the infimum
over all upper frame bounds. We can have infinitely many elements {y;} in a
frame. We will here assume that we have finitely many elements {y;} in a frame.
An important task is to estimate the frame bounds. We start with the upper
bound. The first estimate is quite obvious.

From the Cauchy-Schwarz inequality we have

Y I ypP < ) llyjIP 1P, which gives b =) Ily;I%.
j=1 j=1 j=1

From the Cauchy-Schwarz inequality it follows that we always have an upper
bound.

2.3.2 Upper bound

We will in this subsection use the generalized Selberg inequality to find the
optimal upper frame bound.

Lemma 1. Let {y]-};.”:1 be a system of elements in a Hilbert space H and let
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G be the corresponding Gram matrix. Then for all xe H we have

Y K YR < Amax(G) Il (2.6)
j=1

Moreover, we have

Y Ky < DIKE = Ama(G) < b (2.7)

j=1

Proof. First we will prove (2.6).
From (xv) in Chapter 2.1.2 we have An.x(G)I > G, and then by applying
generalized Selberg inequality we have (2.6).

m
To prove (2.7) assume that Zl(x, ypP? < bixIP.
=1

aq
m as
Choose x = Z ajy;such that Gw = Amax(G)w where w = | |, then
— :

]
Am

ZKx, )P = (Gw)'Gw, and |||’ = w'Gw. We have
j=1

Y [x P < b

j=1
U
(Amax(G))? W'w < D Amax(G) w'w

U
Aax(G) < D. m

(2.6) means that Anax(G) is an upper bound.
(2.6) and (2.7) means that A (G) is an optimal upper bound.

Remark 6. We have not used any properties of frame for describing the
optimal upper bound. (2.6) and (2.7) holds for any finite system

i,

From the Selberg inequality we have
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A2 , 2
;I<x,y]>l s(jgnlgfm;w,,yquxn (28)
]_ =
This implies
Amax(G) < max 3 [y, ye) (29)
=1,...m =
11 "
fG =1, | then Amax(G) < ],gllffmzk:ﬂ(yj,yk)l-

Remark 7. b = max Yt 1Ky, i)l is an upper frame bound for ity
j=1,..m

that always exists. It may not be optimal but it is easier to compute
than Anax(G).

2.3.3 Lower bound

To find the optimal lower bound we use the condition that {y]-}j"; is a frame.

1

Proposition 1. Let {y]-}j";1 be a sequence in a Hilbert space H.

Then {y]-};.”: is a frame for span{yj}}”:l.

1

Proof. See [Christensen,p4]. m

Corollary 1. A system of elements {y; ].”;1 in a Hilbert space H is a frame

for H if and only if span{yj};.":1 =H.

Proof. See [Christensen,p4]. m

Lemma 2. Let {y]»}}"=1 be a frame for a Hilbert space H and let G be the

corresponding Gram matrix. Then for all xe H we have

Amins0(G) Il < )¢, y )P (210)
j=1
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where Anin=0(G) is the smallest positive eigenvalue of G.

Moreover, we have

m
AP < ) 1 YR = @ < Aminso(G) (2.11)
=1

m
Proof. Let x = Zajyj, since from Corollary 1, we have xespan{yi, ..., yul.
j=1

a

m a

Then we have Z|<x, ypIF = (Gw)*Gw, and ||x|* = w*Gw where w =
j=1
o

Amins0(G) Il < Y [Gx, )P
j=1

()

Amin>0(G) w'Gw < (Gw)'Gw
()

W Amins0(G) Gw < w*G* w.

We have Amins0(G) G < G2, see (xvi) in Chapter 2.1.2.

m m
Next, assume {|x|* < Zl(x, yj)I*>. Choose x = Z ajy; such that
j=1 j=1

aq
ap

Gw = Amin>0(G)w where w =| |, then
Am

m
Z|<x, ypI> = (Gw)'Gw, and ||x|* = w*Gw. We have
j=1

Al < Y K, )P

j=1
U
aAmin>0(G) w'w < (Amin>0(G))2 w'w
U
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a < Amin>0(G)- u

(2.10) means that Anin-0(G) is a lower bound.
(2.10) and (2.11) means that Anin~0(G) is an optimal lower bound.

2.3.4 Tight frames

Definition 3. A frame is a tight frame if (2.5) is satisfied with (1 = b, that is if
the optimal upper frame bound and the optimal lower frame bound are equal.
( is then called the frame bound.

When we have a tight frame {yj}j”i in a Hilbert space H, (2.5) becomes

1

Y [ ypP = aAld? VxeH. (2.12)
j=1

Proposition 2. Assume {y]-};.”:1 is a tight frame for a Hilbert space H with frame
bound d. Then

1 m
x=g Zf(x, ypy; VYxeH. (2.13)
]:

Proof. See [Christensen,p5] =

Theorem 9 (Casazza,Fickus,Kovacevi¢,Leon,Tremain).
Given an n-dimensional Hilbert space H and a sequence of positive scalars
{aj}}":p there exists a tight frame {y]-}j"i1 for H of lengths ||yl = a,, for all

j=1,...,mif and only if,

i a]2. (2.14)

=1

S

max a2 <
j=1,., m J

Proof. See [Casazza,Fickus,Kovacevi¢,Leon,Tremain,p33]. m

Theorem 10.
{yj};.“:1 is a tight frame for a Hilbert space H if and only if span{yj};.“:1 =H and

Amin>0(G) = Amax(G). G is the corresponding Gram matrix.
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Proof. Follows from Corollary 1, Lemma 1 and Lemma 2. m

2.3.5 Examples of tight frames

The following are examples of tight frames for IR3.
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(10 0 33 by
o 1 o Ll -1 1 _1 2 0 00000
2.2 2 2 1590000 0

o o 1 L 1 -1 _1
2 2 T2 72 0020000

_ 1 3 1 1 1
G=( 1 1 1 3 1 1 _1h 10000000
1 _1 1 _1 3 _1 _1 000O0OO0OO
P T T T hoooooo
“2 2 73 "1 "1 1 "1l [0000O0O0O0

1.1 _1 _1 _1 _1 3

2 2 2 4 4 4 4]

We see that s,oan{yj};.”:1 = R3 and Amin>0(G) = Amax(G) in all the four

examples. By Theorem 10 we have tight frames in all the four examples.

In example (a) 4 = 1, in example (b) 4 =1, in example (c) 4 = 2 and in example
(d)d =2.






Conclusion

We have shown that by using a generalized form of nonnegative real numbers
called positive semidefinite matrices we get a nontrivial generalization of the
Selberg inequality.
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Appendix A

Here we will show the first equivalence in the proof of Theorem 7 in Chapter
2.2.2.

o' Do < ||

)
% | 7
1 x,y1
% O <x/]/2> )
[<x,y1> Gy .. <x,yn>] O R
d; X, Yn)
)
<X,]/1>
X, y2)
[1Gmw 2@w . 2w || < ke
X, Yn)
()

1 —— 1 — 1
— (X, Y1) (Y1) + — (X y2) (6 ya) + o+ = (X ) (X, ) < I
dl d2 dn

8
Kx, y)P Kx, y2)? P
SIS S TS IS T Rkl
8
A2
P o

S LKy vl
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